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3. Combinatorial realization of crystals.

· Tableaux realization of B(x) for Uq(gen)

·

Decomposition of UqIgen) - modules .

· Applications to the theory of symmetric functions.

: LR coeff .
RSK correspondence.
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Tableaux realization

Suppose of =on

Recall that we have constructed a crystal base of V(e) , vIta)

where thecrystal can be identified as a set

B() = Caan ... a exa , pa2x ... san)

B(we)= a...S &
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B = B(R) or Blue)

↑ <B w+ (T) =[Sa = Sa+Sa

8 -=
-> B obtained from T by replacing i w i +1

S
~

- avb fi -a+

y
b+1)e .g.

:... ii+... i+ i Y :... ii+ ) ... i+

· One can realize B(x) for XEP+ using B as building block.

I like fundamental representations in Mepu's of semisimple Lie algs)
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· The basic strategy is to describe the connected component

C(b) < Blug)x ... x B() or Blex ... x B(es)

where=b = 0 for all i w+ (b) = x
. ( = ((b) = B(x)

* This can be applied to any of

In particular,

B(q) (Blu)dt B(e) C Bla) al
al

: ya , 0 ... xaz al=I lato.,
~

ak 2
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↑ -P+
X=a (x..)

X : polynomial if X: 0 Vi.

R : polynomial <> X = (X ..... \n) : partition

SSTn(x) = the set of semi-standard tableaux of shape i

with the entries in 51 .....n3

e . g.

B(z) = SSTz (19) Blen) = SST
, (e)
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& : a partition M = * : the conjugate of in

-

x X : the length of th column .

1 = xx
....

Il

J

uj
-

-

Want to describe B(x) in

B=) x ... x B(u) = SST(ymt)x ... x SSTn(nM)
W as a set

SSTn(x)

regardingith column

as an elt . in SSTn(11)
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Highest weight rectors:

B( =u)x ... x B(m)
N

Twu = Vox ... Vor
,

the enn
. comp of Won = B(

SST(yMr) x ... x SSTh(yM)

Tin = Vox ... Ver 1 > Hyayx ...

x Hy
H
ne

= 12
So. it is enough to consider cru . comp . of Hx. C Bl

**
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The following Formula is very useful )"signature mule". (

B, B2 : crystals .

b
, x b2-BB2 if I

& = ( ......... + ) . ) ... .... +
-- --

5 (b . ) 4: (b,) Ei(bz) 4: (b2)

:) replace any two neighboring ( +, -) w ( . . . )

ii) repeat the process i) (ignoring.) as far as possible

to have a seg of the form

r = - ... - .... + ) (ignoring : (
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Example

Then

E
Ei(b , abi) =

((b ,)be if - in eb ,

b
, e(ebz) otherwise.

& (b , ebz) = (fib 1 ) be if # + in :eb ,

S
b

, e(fbz) otherwise.

The above combinatorial rule can be applied to

B
,
o ...a Br (r > 2)
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Example B = V(wi) = SSTn(1)

B
+ 2

+ b
,
0 ... by = b (bit SSTn(1))
Il

b
.

. . by : a wood of length E w/ letters in 31 , .... n ?

-

f ,
&

724337 Y 722337 > +22332 .

+ - + .. + * y = .. +

* y + .. +

724337 L 1 21327
~

· + - --- -2
· A. + --
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Then

1Hx = SSTn(x)

2 SSTn(x) u464 closed under : .F: (itI)

3 SST(x) is connected as an I-colored oriented graph.

(i . e. any TESSTn(x) is connected to Hx)

.. SSTn(x) = B(x)

We may obtain the same result by considering

B(x) < B(x,) x ... x B(Xn ,) = SST
, (x)e .. . x SSTn(in)
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Decomposition of &E (v : natural repu of UgIgen)

The following lemma is also useful .

Lem B
, ..., Br : crystals

b = b,e ... br EB, ... * Br : maximal (i . e. Vi
=
b = 0)

1)) b
,

x ... x bi : maximal for all 1xixr

Pt) Use induction.

r = 2

b, b2 : maximal = b: maximal (by tensor product rule)
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(1 ,B) : the crystal base of V

Lem B
**
- b

,
0 ... br = b

b : maximal <) b : a lattice word i. . e.

V
+ xik ,

a + 44 .....n)

# of a in b ....bi # of at 1 in b,
.. bi

Ex
. 1123123(0)1223(x)

pf.) b : a lattice word /) i-signature of b has no

"- 11

&
H
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(BXG)nw = the set of maximal rectors in Bot

b, ... bx = b
,

x ... xbye(k)nw: lattice word

x(i) = w+ (b.... bi) : a partition or Young diagram (1xext)

0(X" (x() ... (x(z) = x *

whery'i-> yli) adding a box at bith row.

Ex
. 1123723

Mow #

1- ⑧ 00 ooo 00 ⑧6 Ooo 125

& 60 · · 36

= 60 ⑧ 6 4 M
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e (b ... ebk) = B(x)

# of cun. components in pat = B(x)

= # of seq of partitions &" c ... <x(2) = x in (*)

= # of standard Young tableaux of shape x) = dim Specht

module St)
=: Ex

BetB(x

This implies reb = + V(x)
+ *x

X +E
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Rub -
=

a q-analogue Schur-Weyl duality-

wat = + V(x)eg
+ *

(Uq(92) , Ctq(Sn)
& (x) <n

X + k

-Fan explicit isomorphism of gen-crystals.

Ber -> 11 SSTn(x) x STa(x)
XI-k

& (x)n

/
constant on each can.

w = b
,

... bi I > (P(w)
, Q(ut) comp. !

↑ T

Robinson : Schested insertion

↑
recording

tableau tableau
correspondence

(cf. Fulton .
"Young tableaux")
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Littlewood-Richardson Mule

Recall

B(r) x B(m) = 11 B(x)
+ cur

xEP+

Cir =# [be B (w) <:(b) <hism) (ie2)]
M + w+ (b) = x

B(m)
o

be B(r)" <>:(b , xba) = 0 for all i (b ,
= ou

w+ (b , a bz) = x
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Characterization of B(r)"

Assume

B(v) = SSTn(v) (SST(y) @ ... SSTn(ii) (SSTn(e)
x |r |

b = B(r)"

b = TrQ ... &T
, /T: : the ith column from the right)

= (w!... w) ... (w) = w ... w

col word of Tr col . word of
T

.

He W, ... xwe : maximal for all 75kX/r

x(k) = wt (Huw ,
x ... awa) : a Young diagram
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We have a seq of Young diagrams

M = x(x"c ... x(() = :x(x)

Conversely , for be B(r),

x(k) = w+ (Huw ,
x ... awa) : a partitio for all to

=> be B(r)o

· B(u) = Eb = be ... abjux(k = w+ (Hub , . . .aba)}
: a partition for all t



#20

Cr = (b = bie ...bu

x(k) = w+ (Hub ,
0 ... aba)

&: a partition for all t

&
(101)

= in

RmE +b =B(r)o

S : a tableau of shape Y where
XIE
x(E-) is filled with j

if ba = w
entry in the ith now

1 - T of
T

.

We have Blu)o > LR
Y

b I > S
Littlewood-Richardson tableaux

no
->

theset
of
a with content or



# 20 - 1

-Example 00a ⑧ ·

M =
ooo V =

& 6

·

T =
12

= 2 x 3x1X2X3 = 23723 = b.... bj12723
23 X72345

3
index ofmows in M

index in X

Hu = 11 e T

222

wr (Huxb .... bi for 1xk = 5 LR tableau of sh /r
cont W

... 3 -- T

⑧ 00 74 Y ⑧ · - 72

25 23
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a E
analogues of realization of B(x) for Bn

.
Cr

,
Dr

I called Kashiwara+Nakashima tableaux)

=
analogues of the formula for Cur in case of Br

,Cr .Dn

using KN tableaux. (Nakashima)

3 In general ,
once we have a realization of B(x)

) of : not necessarily of finite type) ,
then we have

a Formula of Cur .

or B(u) : depending on its model.
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Howe duality of type A & crystals

S(*(2) : a Mepn. of (GLmiGhn) and hence (99m . gen)

S((
*

x (
"

) = + V(x) + V(x) (*)
2 : par

&(x) - m , n

The above decomposition can be obtained by the theory of
reductive dual pains by Home

The char of (* ) is the well-known identity.

I
= [Sx(x)Sx(y) Cauchy identity.

T(1 - x
:y

i
.j
↳

Schwe polynomial .
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Similarly ,

we have

1(( * x (h) = + Vm(x) +Vn(x)(
r(x)m

e(x) = n

q-analogues

To haveq-analogues of (*) and (*') ,
we needa deform of

S(KOD") and 1/4mp(") with an action of (Uq)ge) . UqIge))

S(c *@R") us a quantum co-ordinate Ming EqTMmin] sqlmin)

1(k* x(4) us a skew analogue of Eq(Mm
. n]
· 1g(min
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Sq(m ,n) = the assoc . K-alg . gen . by Xij kism . Kin .

subject to the following relations

XjkXik = qXizXjk if ji

XirXik = & Xin Xil if 1 > k

XijXhe = XarXij If < k , j > &

XijXhe- XGeXij = (9-g") XeXie if ise , ise .

RmE Sq(m ,n) = Uq(wimns) Wimn : the longest elt. in Sman Sm Y So

Xij E (B : not a root of gegen)

Relations of Xij Levendorskie-Soibelman relations
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I an action of Up)gem) on Sq(m .n)

2 Xab = SaricXib FiXab = Sai Xitib W+(Xabl = Sa .

&
i (XY) = ti(X)ti(Y

2i(xy) = ei(X)t(y) + Xei(Y)

f(xy) = fi(x)Y + ti(x)fi(Y)

Similarly UgIgen) - action on Sp(m ,n) commuting w Ug(gem)
11

Jef

c* Xab : = (xiXxa)
+

(Xa = Xxa)
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Runk

(i)= the subalg . gen . by Xij (pixm) EtVlt

Sq = S"x ... as a Ug(g)-module

M = (mij) Mm
.

n) * x0)

-

X
M

._ XM
where : Lexico-graphea

ij [mij] !

2 = + AoX
*
B = [xM (modq2))

(2
.
B) : a crystal base of Sq)m . n) over Uq(gem)Uq(gen)
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We may identify B with Mm
.
n (70) = Mm

, n

Mmin = # Bm(la ... Blen) as a Uggem)-crystale

(l , , . ...(n) **

Mi 7 M'x ... xM

Mi : the jthcol . -> Bm(l) wee = [mij

= # Bla ... xB(em) as a Hagen)-crystal

(ei
,

.... I'm)c

Mi > M
,

x . . . x Mm

Mi : the ith now Blen ,) we = Zig
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. Fi : crystal operators for Uglgem)

-*: crystal operators for Uq(g

We have
= (x , y = Ge . 73)

Mhw[M/iM== 0 Forall

= [M = (mij) Mij =o(itj) ,
M

, > Mezs
... 3

C(M) = Bm(x) + Bn(x) for MeMinx = (x = mii)
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· Mm
. n

= 1 Bm(x) + Bn(x)
2 : par

&(x) - m , n

This implies Sq)m .n) = + Vm(x) x U(x)
2 : par

&(x) - m , n

Runk
#

an explicit isomorphism. of (glm + gen) - crystals

Mm
. n

3 H Bm(x) + Bn(x)
2 : par

&(x) - m , n

M I > (Pu , am)
T

RSK correspondence" recorddi
one
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Thecase of 1(kmx(")

1q(m .n) = the assoc . K-alg . gen . by Xij kism . Kin .

subject to the following relations

XjkXik = -XiqXjk if ji

XiRXik = & Xim Xil if 1 > k

X ij Xhe = XaeXij If < k , j > &

XijXhe- XGeXij = (q"-q) XinXje if ise , ise .

X = 0

: a q-analogue of 1 (C
* x(")
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.

=

(Hq(9(m) , Uq(g() - action on 1q(m ,n)(g = -g)

Up(gen)
:

> U
-q(gen)

qm -g

xi1 > x(x = 3, f)

E

Mm
.

n([2) = M = (mij) X
M. Xg

I' = + A
,
XM B = [xM(modq2'l)

(2B) : a crystal base of 1q)m .n)
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Similarly ,
we have

M EHB(x)Bl
l(x) 17 m

e (2) n

This implies 1g)m .n) = + Vm(x) x U(x)
2 : par

e(x) = m

& (x) in.

RmE As in Sq(m .n) , 19(m ,n) can be viewed as a quanalogue of

2 (2) where ge(min) = nege(m(n)

= 1) m * x()
·

99(m/n) : a general linear
Lie superalg.


