3. Combinotocial sealization 6f otystols.

Tableawx nea,li5a.ﬁ¢m of B(») Fou u"‘.(a\\qn)

Decomposition, of \11(312“) - modules .

IR coef®. RSK corespondence.

Applications +o the '('heo—uq_ of symmetsic Lumetions.
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Tableawx nealization

S uppose o] = o,

Recall that we hove constriucted a oeystal base of V' (ow,) _,V'(u:r&_)

where  the otystal com be dewtiPred as a set

Blow,) = { afaa| -+ [ ﬂsa.sazs---sq,sn}
Q)
== : 1Y£Q < --<q_sNn
:B(Tk')_h\ - . \ e
Q,




B = 'B(l‘m‘.) or 'B(m'ﬁ)

TeB  wh(y) = ) 8 = 8o da,t

\
2\

~ T i T, € B obtained -frtom T b(J ueP\a_c'inS t. w/ 'ia'H
®
= a-i| b
3 b -
e~%. - v \ ‘gt +( \
T < |t.*| LI & 1 T v | T+t ol

* One com tealige B(2) $o e P, using B as building bleock.

( Qike fundamewtal Jtepnecewl-aflms ™ Yepn's of semisimple Lie &Qis>
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The basic striategy T8 to desocibe the eommected compenent

C) ¢ B(w)® - @B (w ) o B(tw)® - @B(ew)

whoe & bz=o forall i whb) =% (%C(L}g'B(x))

¥  This con be aPPlTec( ‘o oMy 03

In pertticulart

B(we) R(m)@% Blew) C 'B(uu)@&
l | I a|® --@lag | --- Qy  —— Q,g ® - -® Q,
a .

®4



A€ Py °‘~=i%8¢ ('A.z---z’kn)eln

a =\

A @ pelynomia P .%o v

A :polynomial < 0\ :()‘h...,',\.n> . pantition

With the entxies ™ 34,-.m

G.a .

'B(m_ﬁ_) = SST”("(f") (B(.Q'lﬁ“‘): SSTn(.Q>
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H¢
A a Pw(;b]-ﬁm M = > W mecmiuqa;l'e of N

>\’ s
. i Xi L Ahe lewgte of 4 cofuwu .
A= ').: X, i
- v

Went to descriibe B(R) ™

B(wy})® - ® B ('IUV'.) SSTn(‘(\*P) ® - ® SSTh(.‘l"t)

U &S a set
SST, (»)

Jgegqonding 4t column

oS om et W SST, (1"9)



*

Highest weight vectsts :
V)

VAR
Wy = Vs © ® U, the cnn. comp &f v

Py M W) g rB()\‘)

ssT,(1") ® - @ SsT, (4

P M

"'wpz Vo ® " ® U, +— \‘\(.‘»v)@ ®H(1\"): LaEN

H(.‘L'— 2

SO ks QA/\OQ%\/\ to consideye cmw. Cowp- o:e_ }.\x' C —B(w.\@a’\
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'

The J‘)OHO‘”\'“CJ foemula. 1S very  usefu ( signotwte b-tu.\e".)

B..B.: otystals . b®b, € B®B, el

G.,_bz (__._,_ 4+ .. .|.).(_.._ — _|_...+)
— — — —
€.(b) . (b,) €; (k) ?. (bz)

) steplace omy +wo neighboiting (+.=) w (.)
i) repeat the piocess 1) (Ica-nor'inﬂ B as fat as  possible

Yo have a s©q. of the Powm

o= (== ) (igetng - )



ExcumEle
Theu
e (b.@b.) ={(‘é’{b\)®b,_ ¥ T - WM eb
b, ® ('é:.bz) otherwire.

[ 9]

:ﬁ,(b,@bz) :l(;\é{b\)@bl ¥ 3+TV\F,~€‘>1

T

b, ® (£b,)  otmeuwise.

The above cCombinatecial *»ule com be applied to

B, ® - & B.
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Exqmple B = V'('U.T.) = SST,,(1)

®
B® 2 b® - @b, =b (b;GSST“(1))

I

b, by I a wotd of \lewgth R w/ leftow n {‘1:""“2!

~ o

$, +
121331 ¥y 4212334 —+ 122332,
+ - 4+ - - 4 e e e e oF

¥ A

2z
124 339 — 1 243 2 1
e e — — {32_
7l/7z@
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Them
@ W, € SST, (x)

©) SSTn(A> v {coﬁ‘ closed undert 'é,,;.’\-éa- ({,e 1)
® SST,.(») s comnected an om T -colowed ocented qraph.

( “e.- amy Y € SST,.(») T comnected to H;)

.. SST (x) = B(

We wmay obteum the somme wesul+ by considexiing

B(G) € BA®) @ @ B(®,) = SST [2)® - ® SST. (>)
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Decomposition of @k ( v : natwial nepa of uq_(aﬂn))

The Lo llow’Ina lemma s also useful, .

Lew B, - ,B,.  onystals

b:b‘g--- ® b, GB|®-~-®BP © moxymel (1.e. Ve ’é’,‘b.-.@ )

=54 b® - ®@b; : moximal Fot all 1s¢c < P

pf‘) Use induction .

t=2

b,®b, :mowximal = b,: mowimal (hil Yonsot prtoduct &mle)



(ifB) : the otyste| base of V

]
Lew B® 2 5,® - @b, =b

b : moximal & b :a ladfice wotd e

Ex 11234123 (o) 122 3  (x)

'Pf') b: o lottice woed &= £~Si<3'nq‘hme oL b has mo —

(i 22
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Q%L h.wr
(B ) = +the set of maximal veclsts ™ fB®ﬁ.

h. w-.
b by = 5,® = @b, €(B%) ¢ lattica weed

.Al':): wf(b.-'-bi> : @ parfitien  or YouMcJ diagrcuwn (1sis“€;>

Q)
B C A ca®c ¢ a® 9 *

(t-1) G -
whete |>\ : s f)\() Qddms a. box oX biﬂ\ oS .

€x. 44234123

How #

; s @ ® 0 o0 L) 00 oo o L 125
X - ° ° X (X 2 ¢
. 5 o o o ®e 4"
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C(be ~eb.) = B(R)

#* ¢ ecnn. components in 'BG& = B(")

("

; ()
# of seq of partitions A< c A

= A n (%)

# of

stamdand You'n% Yableatux o0} shape A (;-_ dim Specht
: ﬁ)\

mod ule Sx )

B®*z2 1 BGY

A%

TmP\TeS VA Dk =

® Ve

A%



(Rw‘_& @ = Quoa = &Ma.\ocsug schwt-W'c\gl dv.a&"wﬂ

ve® ® Vies (uo‘_(an)) Q-(,t_(gnf)

LN sn
A - &

©) 3owx explict+ Sowmotphism. & qQ, ~ cxystals.

B®" w11 8ST.(») = ST ()
AV—C
8 5 e constauk on eac\f c'wz\.
wsz b ~bg | - ( 'P(w-'), Q(w—)) comsp. |
¢ % \ i

Robingon - Schemsted mMsection nec&cdmc]

Ytableawn *ableaw

cowesPondenqe

(cp Fulton. " Youmg tableaw x(’>
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| ttlewood - Richeordson  Hule

‘Recall
@Cmu-
B(y) ®B () = L B(x)™
'>\€P.|.
Cau- = ¥ { héB(U)‘ ‘5;.(")\<<“£,}4.> (iel)i

ptwt(b) = A

R (\3-30

b.ze B(w)o St ’\éi(b\®b.@> = 0 for all ¢ (=> \>\=U'M)

wt (_b|®bz.) =X



Chartactedi zation of B(w) °

A ssume

B(») = SST,(») € SST (1)@ @ SST,(+*) ¢ s§7 (1)@“\

b e B(u)o
b = T,. o - ®T. ( Ti : the tth column Hiom the rt?gld)
= (W(:\)"' W':: (‘*"L:) wi‘;‘ = Wy W
eol woed o T col. wetd o T
Ho ® W, @ -eowg : Mmaximal o all tsks|v|

R) _
A = w{_(HH ® W, ® ---®ur&') . QL Youmcj d?qc]HQm
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We have a s€q. of Yowuxa diagrieums

= ?&(\m)

M= A” e A ¢ =: U ()

Convexely . for b e B(v»),

28 = w{-(HH ® W, ® '“®‘*"t) t e podtitten Kor old e

# be 'B(n-)o

.o. ‘BC;;,—)O___ { b =be "'®b|v|

o\® = w*’(“r&@b.@ "‘®bt) }

ta pafition Lo all @



20

2 A = wt(H, b ® -

C’_w. = % b=b® b, (.H | ®bi)
Da paxtifion o all @
()\‘Um) - 9

Ruk @ beBM)

. o
"? bg-— 110'1

entsty Tn the 1™ owr

e &€ Y.

We b ©
ave BRE) y LR

b X T Yhe set o}
} S 8 Litteweood -“Richard son. tableausx

of shape 3, with conteud u



Exa.mple_
M =
T = T2 -
2 3
)
_ 1
H’L‘
L 2

H20-1

o o o o e ©
o o o U = o o
®
2®3®1®2®3 = 23,123 =b b
1 2 3 456
ndex - of Hows m PO
“mde.x"m@
.1
for 1R <K LR tableaw of sh )'/P-'
con
® 3 o o o o
. EE— ® o o 1 2
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@ = amaloques of steolizalion o8 B(>) Fo B, . Dw

( called  WasWuoarto- Nakashuma, +a_\>\ea.u.><>

E ama.\oguas € Yhe Loemula $oo Q>‘

- n case &P ’B,mcm"bn

using XN fobleaux. (,NoLk.o.sk).\Mo.>

® n gewsral. Once we have a xealixation of B(»)

( of : mot ‘hecesscm.l(ei_ of Pwite +<.3\>e) , YThen we hose

o foouda 6@ QT or B(v) depending on Ts model.
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Howe duo.l'ths of Yype A ¥  CMYstals

S(C"eC™) : a wepn. @ (GL,.GL, ) owd hewce (q2,,92,)

S(c"oc”) £ & Ve V.(n) (*)

A pavt.
L) s m,n

The above decomposifion qux be oblaiued by the theow of
rieductive dual pasts by Howe

The chast. 6P (*) e the wel-bwouwa ‘\d&»ﬁ-\-t{_.

..I
= Sa(x)s(‘i weky denfity .
ﬂ_(‘—*e%i) ; 5 aly) Cauchy denfity
-

Schwe P o\;d\muﬁaﬂ. .



4t 23
STmileuthi, we havye

Ale"ec") * @ V,(2)6V.(x) ()

L) gm
L(N)s™

CL-QMa.\cogueS

To have q-omaloques of () owd (%) , we vneed Q- defoewn of

S(s€") omd /\(Q‘"‘@,Q“) with om achon of (uq_(‘a%\.ug_("lqd)

3 (Cm® ([3“) Ars Q. quanfum  Co-dddinate g E“[M L Sq_(m'ﬂ

AN (Q‘M@ (\3"‘) s 0 gkew- amaloqua. of. ﬁ‘L[Mw\.v\‘E. A‘i-("“")



Sq_(fm,m) = the assec. K-aﬂq. qem. by )(‘-'j KT €M, \&] <N

Subject to the Pollowing nelations

Kie Xie = 9 X Xin ¥ >
Kig Xa = 9 X Xaa RoA>%
X""l Xﬁl = X.@_&X._A ;-g '(,('%. S 1)&

KX = Keg Xy = (1'{‘))(},{,.)(:‘0. M 1<k, 3<lL.

M SCL("W\;‘T\.) = u‘l_('w.(.mm)) w-[m.n):ﬂ\e \ov\aes* el ™ Sm,\,n/smxsn

X"‘A b $‘P (Vg “not o Toot of AN @ ch,\)

Relations of Xy +— \evendorskis-Soibelmar nelaions



m S (mm.)

e; Xo.b = Sa.«-\-;, x‘bb

S : Xl"'lb VJ‘“(XQ_\;\=8&
0XYy) = £:(x) 4. ()

e,(xy) =

£.(xY)

e.(x) i—;'(‘() + X & (Y)

£(x)Y + ti(x) £(v)

=) ( ) commwl‘-mﬂ W/ u‘t,(‘io'"‘)
¥oon on S, (wm,m
STmledﬂ uﬁ(‘ign\ — acton 9

Cel,$. 8"

x’ X = (’Ca K\m.)-t (Xat = qu)
T ab
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Rwt
(1) :
811 = the subale. qem. by X (4eiswm) o 1@ Vi (L)
>0

) n
S‘L ~ 51® - ® S;) aea ucL(i\Qm)""‘"d“le‘

M= (mg) e M, (T,,)

o
— 9 ~
X M S T\' X*a whete T ¢ \ex’ico-gno?lu:c,

1 =® A, XM ‘-B:{XM (Modqﬁ)}

(1,33 T Cﬁ&és{-o,l bosae t@ Si(m.n) oS UT_(,‘,]QM)@ U.lkqﬂu)




H 2n

We may 'tdwﬁ?'j B with Mm,n (170 = Mm,n

M m.n E _U_ BMLQ|W‘> ® - ® FBW("an‘) 0S o Uc‘_(qﬂm)-fvtqs'i'a&

(-Qt,""-o-n) S l:.

M ¥ M‘® '“@Mw

1 o +h e s
M': the 4™ col. € ‘Bm(iim‘) w/ Qi- gM‘J

= || B, 0w)® @B (¢/m) os o Uglar,)-omsta
(2,05 € T}

M r M® - @M,

/
- , P— 50
M; : the tH yowr € 'B“( ew,) wy 4T 75““:1



e.. '.\é‘. + enystal openatots FPov Uglqe,)

e § otystal eperators  §oc u1_(‘39n)

We _have e (x.qyefess)
Mm’:.w—:: {M \ 8’,-M='§{'M=® $otu all {,,-j}

= {M:(mﬁ) ‘m,;dzo l':':\:i)’ M, 2 Myy % -+ .g

C(M) = Bm() x B, () oo M6 M A= (2= m)
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_\l BM(K) 3 'Bh(?\)

A pest.
AN s m,n

m.n

This implies Si(m"“) = @ V~m (7‘> ® V;('A)
'A_'.pan.

4N sm,n

Rwke
- om  explieit+  1Somotphisw. of ( 92, ® gon) - cnystals

M o P _\l Bm('?\.) X 'Bh()\)
' A pat.
LM sm,n
M t ,‘ 4 ('.pM:GM>

Voo N

RSK comes pondemes  _ X
(Y\SCJ'\\'\W

Hecoedin 1

# 29
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The case & A(C“@C")

s/\cL(ml‘Y\) == “he assecC. K"agq. %W b‘é X,;q l$'6c$ m. \\(..ién.

Su.bjec'{- o e -?O‘Low't\ha nelations

Riw Xie = -1 Xip X % i
Kia Xk = 9 X Xy L%
i Keg = dex‘»"‘ w <k, 1>4
Xijx"& ; X“-X:‘j z('{“"l-)x}.{e.x_'\q P o1k, 4<L.
R B
;4 - -0

a q-omalogue of Ne"e C")
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; -~
(Uglat,), Uz(ag)) -achion o Aglmm)  (Go-q")
Uq(92,) — U_plae,)
q. — -1‘\
X, — X, (x=e¢f)

|
& %}

Mm.n(zz) 5 M =(W‘«5) xM= T xg*ﬂ

i/ e @ AOXM B'= { XM (mod ﬂ_i,)}

(L.®") : o oystal base of /\c‘_(m,m)




#32

Qimi ‘OJL(.U . we have

/

M

m,n

e

1L B,0)«B,()

A povt.
L(a) sm
L) €n

This implies /\1("‘\"“) = @ Vim () ® V;(?()

A pan.
L(»)sm
g(xX) en.

(Pw‘_ﬁ Az S‘L(mnﬂ) ) Ai(m»ﬂ\) con be viewed as a q_-—aMa.lOﬂu.Q q;

U.('n‘) whete 9% (mj*n)— =N @ 3Q(m\n)—°

T AMemoe o) g0 (mn) : o qewotal Lineas
| e SLLFE)‘C/&Q;3~



