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Lecture 2 . Crystal bases for integrable highest weight modules

Reference

Bases Cristallines des groupes quantiques (Kashiwara)

Recall The decomposition of V(m) @V(n) * UqIse)
has a nice behavior at q = 0

V(m) x V(m) -> We : maximal vector of note .

It 3

- Keom
+ ke' on

gitWe flix glij

(i , j) is determined combinatorially.
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The goal of this lecture is to introduce the notion of

crystal base of ME Oint
.

over Uq(g) of : symmetrizable Kac-Moody.

· Kashiwara operator /crystal operator

We first need to define operators onM describing

i-string at q=0 for all it I.

Me Oint it I

Define . F : M > M as follows :
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ve Mx
This

follows from

M : semisimple over Ug(s)

We have v

=Il for unique Une Mind
:

Civ = 0.

Define =[

Rut These operators coincide with the ones for Ug(st2)

moving each vertex in B(m)dB(u) along
"

>

"
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Def A crystal base of M is a pair (1 ,B)

2 : Ao-lattice of M
Where satisfying

B : -basis of 2/g1

- 2 = + 2x (2x = Mx-1)
XP wt. space decomp.

- B = 4Bx(Bx = B-2xq2x

32c2 ,
FiLc I

invariant under crystal

operators
4 iB < BuSoY ,

FiB <BuSoS

~

5 b = b <) b =ib' (b , b'E B)
Citi :

mutually inverses.
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Ruk B has an I-colored oriented graph str.

6 = b' <> b = Eb (b' = b)

B called a crystal (graph) of M.

can be viewed as a basis of M at q = 0.

For example , V(m) * Ug(92)

L(m) =A B(m) = [fum (mod qh(m)))
crystal base

O 3 3 - >

Um fum fimSu
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The most important property of mystal base is the following.

Theorem (Tensor product theorem . Kashiwara 91)

M,,M2 Oint with a crystal base (Li ,Bi) (i = 1 ,2)

=> (1 , 022 ,
B

,RB2) : a crystal base of M ,
X M2 · where

Elbada) =

(b) a be if :(b) > =(b)

S
b. x F be if Pilbi) < &i (ba)

For biobz -B , XB2 and it I.
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E (b)
Recall Y(b)
-

⑧ 3 .............

Tib b Fib

Ei(b) = max &b + 03 4:(b) = max & e F +03

2 T D

b
2

Y b2 b
2

X & I 3 6

D by a & 7 o >

2

Y b% & > 6
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Example

Up(ge = <Ci
, Fi , q

#S +xin+, 1xjxn)

- V =K : the natural rea

Fi

Vi
,

"

With

Di
Si fitt

2 : = + Avi B := [vi(modg2)} : crystal base of V

In this case: = Ci .
Fi = Fi

n - 1

v,
"

>E 34 3
... > W 3 Fi
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VX2 has a crystal base 202
,
Baz

Y 2

n = 3
X & So Y 6

T 2 3

77 27 31

& & 2 ① 3 & (ii = vixvj)
2

T ·
12 % 3 .

32

V w v

& & Yo &
33

73 23

Recall UXV = V(28 ,
+ VIS+2) e. g . by Pierinule .)

11

2
To

, Tz

How are these two decompositions are related ?
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- w
=

= + km = = 0,X =Cim EXe

W : a Uq(gen) - module

Ci = [Mi]) . . . . m+,Mi , .

= m = [mi]) ...

m
- + , my+,

... )

& im = qui im

E V(G)t = 0

Wi + Kim submodule E S
[m = E V(k) = 1 .
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= + toEmm B = Stemm(modga3
: crystal base of We

..... miso
,

... ) Fur .... m-..... )
X

Uq(g() - h . w . rector

#m.. =
Identify IM with S

· I C = y
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n = 3 Bla , ) 11:12 > 43

z W

22 > 23

Bltz) Y

2
w

33

i 32

BX2 = B(2) 1 Bla
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In the previous example ,
we have seen that

decomposition of a crystal = decomposition of a module

TheoremA)Existence of a mystal base . Kashiwara 91)

X P +

V(x) has a crystal base (2(x)
, B(x)) where

2(x) = [ Ao ... Fin x
.... ir

B(x) = [ ... Fix (modg((x)) 31903
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TheoremB / Uniqueness of a crystal base , Kashiwara 91)

ME Oint. with a crystal base (2 ,B)

Then E 2
4 : M > + V(x)

+ my

such that

P+

42 : I - + 2(x)
+ my

↑
B

: B > LB(x)amx

where i : &gy + &(x)
+ m,

q2(x)
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Runk

7 By Existence thm + Complete reducibility of Oint

any M- Oint has a unique crystal base

a MEO int with a crystal base (1 .B)

By Uniqueness ofcrystals,

B = HB(x) mx mx = Homug( (V(x) ,
M

decomp of M into U(x)'s <) decomp of B into B(x)'s
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3 By construction,

B(x) =[5:x(modgI() 31903 : connected.

beB(x) b = 0 for all i <Y b = UX

decomp - of B into B(x)'s

5) Finding all b -B such that b = 0 for all i.

In fact .

The connected component of b under Es

EB(x) where X = w+ (b).
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Tensue product decomposition.

M , we P+

V(r) + v(m) = + V(x)
+ cur

xEP+

B(r) x B(m) = 11 B(x)
+ cur

xEP+

Cr = #of b
, x bc EB(r) xB(w) such that

(b , x b2) = 0 for all i

w+ (b , a bz) = x
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Runk

:( b , ebz) = S
Eib, be if Pilbi) S : (b)

b, i b2 if Y: /bi) < Ei(ba)

ibx =0 fi(bx) = 0

Ei(b, bz) = 0(it])

=> 4
:
(b ,) E

: (b2) for all i + Tib ,
= 0 For all i

=> b
,

= x & Eilbz) (hi . x)

Converse also holds (hence equivalent condition
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Therefore,
B(m) x B(w) = H B(m + w+(bz)

bat B(r)

3. (b) < (hi ,x)

Once we have a good realization of B(m) ,
we have a formula

ECir = beB(w) <:(b) <hism) (ie2)]
M + w+ (b) = x

RuE Cur : Littlewood-Richardson coeff. when of = gl , (sen)

*
a combinatorial formula given as of LR tableaux of shape *

content o
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Example

*2
1 B

.
Mi (him)= (1 ,

0
, ..., 0)

VeU,
V

, &U
: the only maximal vectors inB*2

8 T

B2= B(u) x B(o) = B( ,
+ wi) + B) c)

2B(a)x B)+b)

a maximal vector= ! (0csxmin (a ,b)
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Wt= not F + / Tl
la Il

two-column

Young diagramThen we recover the Pieri'sMule. (or partition)

Bj +B = HB ! (ax, b)
0xS <b

I -s
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3 XePt= mis (M ,
m.

We
may assume (M, ...Mr 2

- a partion

(or its Young diagram)

More generally , we can prove (by the same arguments) that

B(m) + B((i) = H B(x)

↑
& E P+

*M : a vertical

· strip of length a


