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Reminders on crystal bases

Let us start with a brief review of crystal base theory.



Reminders on crystal bases

Let us start with a brief review of crystal base theory.

The crystal base is ¢ — 0 limit of integrable representations V(\) of
Uq(g), where the limit is understood as taking a suitable lattice
inside of V(A) and taking a quotient by g = 0.
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e(v;) = Vi, f(v;) = vi_,. This uniquely determines an operator for all
integrable U,(sl;)-modules, called (lower) crystal operators.



Reminders on crystal bases

Recall that we have a following nice basis of V(n) for n € Zx,.

[l [2]q [3]q [4]q [5]q
\ S "~ 2’\ S " L’t\ S " (?\ S " %\ _ /
[N]q [N—1]q [n—2]q [n—3]q [n—4]q

We want this structure to survive in g — 0 limit. Define:
e(v;) = Vi, f(v;) = vi_,. This uniquely determines an operator for all
integrable U,(sl;)-modules, called (lower) crystal operators.

For arbitrary g with an underlying index set I, &, fis (i € 1) are defined
via the embedding Uq,(slz) < Ugy(g).



Reminders on crystal bases

We have another nice basis of V(n).

[N]q [(N—1]q [n—2]q [n—3]q [n—4&]q

["]q [2lq [3lq [%lq [lq

This defines (upper) crystal operators w0, fup,



Reminders on crystal bases

The construction of crystal operators are quite simple, but it requires
surprisingly involved arguments to prove that there exists a lattice of
V() that is stable under these operators, and that there exists a
abstract crystal at g = 0.



Reminders on crystal bases

The construction of crystal operators are quite simple, but it requires
surprisingly involved arguments to prove that there exists a lattice of
V() that is stable under these operators, and that there exists a
abstract crystal at g = 0.

let Ag = {f € Q(q)|f isregularatg=0}. Let A € P™ be a dominant
weight.

Theorem (Kashiwara 90 for type ABCD, '91 for general case)
There exists a Aqp-lattice of V()), denoted L(\), and a basis B()) of
L(AN)/gL(N), such that
eL(N) C L), FiL() C L),
gB(\) c B\ L{0}, fiB(\) c B(\) U {0},

U=3v < fu=v (u,veBD)

which are compatible with weight space decompositions.
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For an arbitrary integrable U,(g)-module V whose weights are finitely
dominated, it decomposes into direct sum of V(\)'s, so there exists a
crystal base (£, B) for such a module.
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More reminders on crystal bases

For an arbitrary integrable U,(g)-module V whose weights are finitely
dominated, it decomposes into direct sum of V(\)'s, so there exists a
crystal base (£, B) for such a module.

Theorem (Kashiwara '90, cont’'d)

Crystal bases of V are unique up to isomorphism. That is, for any
two crystal bases (L;, B;) (i =1,2) of V, there exists an U,(g)-linear

automorphism ¢ : V. — V such that ¢(L£q) = L,, ¢(B1) = B

Suppose that V =V, @ V,, and that V4 and V, does not share an
isotypic component. Then the above, in particular, implies that
L(V)=L(Vy)® L(V).



Crystal bases of non-semisimple modules

There are integrable modules whose set of weights are not finitely
dominated, and in general, it is not known if a crystal base exists in

such cases. Note that nontrivial examples arise only for g of affine or
indefinite type.
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Crystal bases of non-semisimple modules

There are integrable modules whose set of weights are not finitely
dominated, and in general, it is not known if a crystal base exists in
such cases. Note that nontrivial examples arise only for g of affine or
indefinite type.

Notable exceptions are extremal weight modules V(A) and their
tensor products. V(A)'s are indexed by weights A € P that are
possibly non-dominant, and are constructed in terms of global
crystal bases, so have a crystal base by definition.

In general,

- Crystal bases of V may not be unique.

- A proper inclusion ¢ : V4 — V, may induce an isomorphism of
crystals ¢ : By — B,.



An example of non-unique crystal bases in type A,

Consider Uy (gl.) associated to a Dynkin diagram A

1 2 3 4
. . ° .

Denote its weight lattice by P = P, Ze;

The standard representation V(e7) and its dual V(—eq) can be
described as follows.

fi h f3 fu

Ve v /‘\ /‘\ /‘\ /‘\

1 .

1 AN ,,,,,// \ / ’“\ / ’“\ i
91 €2 e» e/_
fa f3 f fi

SN T N T TN T TN
V(—81) . cee Vv V3v Vov Vv

O N -
ey, e3 ey €1



An example of non-unique crystal bases in type A,

L(g1) and L(—eq) are free Ag-submodules generated by {v;} and
{viv }.
By tensor product rule, V(e1) ® V(—eq) has a crystal base
E(&) (24 E(*Eq) = @ AgVi ® Vjv,
IJEZ>q
B(e1) @ B(—e) = {i®j" |i,j € Z>o}.



An example of non-unique crystal bases in type A,

L(g1) and L(—eq) are free Ag-submodules generated by {v;} and
{V,'v}.
By tensor product rule, V(e1) ® V(—eq) has a crystal base
£(€1) (24 E(*Eq) = @ AgVi ® Vjv,
(';JEZZD

8(51)@)8(*61):{i®jv|i,j€ZZO}.

Note that weights of V(&1) ® V(—&1) are not finitely dominated, and
its weight 0 component has infinite dimension.



An example of non-unique crystal bases in type A,

On the other hand, consider elements D, € V(&) ® V(—&1) defined by

Di=q vy ® vyv,
Do =qvi®vv —q ' ® Vov,
D3=q i ®@vv — @ VL ®Vav + G V3 ® Vav,

Dy = C]_Z'V1 ® Vv — q_3V2 X Vv + C]_ZV3 X V3v — q_1V4 & Vyv,

n

Dy = 3 (-1 1g "y © vy
k=1

1



An example of non-unique crystal bases in type A,

Then one can check that

kR #n,

= ifh =
£, [~ o ith=n
kR # n.

- fﬂvn @ V(npryw ITR=n,
el?Dn == +q



An example of non-unique crystal bases in type A,

Then one can check that

= ifh =
D, = —xg Vn @ V(g TR =1,
kR #n,
k=1 .
fD - 7%\/”_},_1@\/”\/ Iff?:ﬂ,
wDp =
! 0 kR # n.

In particular, 'éan,ﬁDn € L(g1) ® L(—&1). Thus,

Ly = £(<€1) ® £(—€1) + ZA()D”

n=1

is a crystal lattice of V(g1) ® V(—&1).



An example of non-unique crystal bases in type A,

Consider the image of B(eq1) ® B(—¢1) along the inclusion

£(6-|) & E(—E']) — Ln.
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Consider the image of B(eq1) ® B(—¢1) along the inclusion
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Note that vy @ viv = qDs, 50 1® 1V € B(e1) ® B(—&1) is mapped to 0. It
turns out that B(e1) ® B(—e1) = B(0) U B(eq1 — &3), and the inclusion
kills the connected component B(0).



An example of non-unique crystal bases in type A,

Consider the image of B(eq1) ® B(—¢1) along the inclusion

,C(E-|) (9 E(—E1) — LN.

Note that vy @ viv = qDs, 50 1® 1V € B(e1) ® B(—&1) is mapped to 0. It
turns out that B(e1) ® B(—e1) = B(0) U B(eq1 — &3), and the inclusion
kills the connected component B(0).

Thus, we got a crystal base (Ly, B(e1 — £7)). Note that we got a larger
Ao-lattice but a smaller Q-basis.

Also, there exists an embedding i : V(e — 3) < V(e1) ® V(—&1), such
that i="(Ly) = L(g1 — &2), and i induces an isomorphism of crystals.



An example of a proper inclusion inducing an isomorphism of crystal

Such a phenomenon is not new; it was observed in the context of
affine quantum algebras. The following is conjectured in [Kas02] and
proved in [BNO4].
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Such a phenomenon is not new; it was observed in the context of
affine quantum algebras. The following is conjectured in [Kas02] and
proved in [BNO4].

We use the notations of [Kas02]. Let g be an affine Kac-Moody
algebra with Dynkin diagram /, and let A = 3. v mjw; be a dominant
integral weight. Then there exists a canonical map
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An example of a proper inclusion inducing an isomorphism of crystal

Such a phenomenon is not new; it was observed in the context of
affine quantum algebras. The following is conjectured in [Kas02] and
proved in [BNO4].

We use the notations of [Kas02]. Let g be an affine Kac-Moody
algebra with Dynkin diagram /, and let A = 3. v mjw; be a dominant
integral weight. Then there exists a canonical map

Oy 1 V(A) = Q) V(mim)).

iely
Theorem

1. &, is injective.
2. £0) = 03 (®ieyy Limie)).

3. @, induces an isomorphism of crystals B()\) — ®,€,Ov B(mjw;).

14



Maximal crystal lattices

Forget about crystal basis (£, B) for a moment, and consider a
crystal lattice £ only.
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consider £ C V that restricts to a certain given crystal lattice on soc V.



Maximal crystal lattices

Forget about crystal basis (£, B) for a moment, and consider a
crystal lattice £ only.

If soc V exists, we have a good grip on crystal latices on it. Let's

consider £ C V that restricts to a certain given crystal lattice on soc V.

We can almost always pick a maximal one among them, with respect
to the partial order by inclusion. However, we have to allow crystal
lattices that are not free as an Ag-module.



Crystal valuations
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Crystal valuations

An Ao-lattice of a Q(qg)-vector space V is a Ap-submodule L C V that
generates V and is free as a Ap-module.
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Crystal valuations

An Ao-lattice of a Q(qg)-vector space V is a Ap-submodule L C V that
generates V and is free as a Ap-module.

Let v : Q(q) — Z U {oo} be the valuation counting the order of g at 0.

A function v : V — Z U {co} on a Q(q)-vector space V is called a
valuation if

cv(v) =00 <= v=0,
- v(ev) =vw(c)+v(v) force Q(qg), v eV,
- v(v+w) > min{v(v),v(w)} forv,w e V.
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Crystal valuations

An Ao-lattice of a Q(qg)-vector space V is a Ap-submodule L C V that
generates V and is free as a Ap-module.

Let v : Q(q) — Z U {oo} be the valuation counting the order of g at 0.

A function v : V — Z U {co} on a Q(q)-vector space V is called a
valuation if

cv(v) =00 <= v=0,
- v(ev) =vw(c)+v(v) force Q(qg), v eV,
- v(v+w) > min{v(v),v(w)} forv,w e V.

For an integrable U,(g)-module V, a valuation v : V — Z U {oo} is
called a crystal valuation if

© v(v) = min(v(v,)|p € P) forv=> v, withv, €V,
v(&v) > v(v) and v(fiv) > v(v) forallv e Vand i€ I.

16



Maximal crystal valuations

Proposition

Suppose that V is of finite length, and W = soc V. If v is a crystal
valuation on V, there exists a maximal crystal valuation on V that
restricts to v|w on W.
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valuation on V, there exists a maximal crystal valuation on V that
restricts to v|w on W.

Suppose that we have {vs}ses for a totally ordered set S, satisfying
vs > vt Whenever s > t. We claim that v defined by
¥(v) = max{vs(v)|s €S}

is a crystal valuation.



Maximal crystal valuations

Proposition

Suppose that V is of finite length, and W = soc V. If v is a crystal
valuation on V, there exists a maximal crystal valuation on V that
restricts to v|w on W.

Suppose that we have {vs}ses for a totally ordered set S, satisfying
vs > vt Whenever s > t. We claim that v defined by

¥(v) = max{vs(v)|s €S}
is a crystal valuation.

Only the first condition warrants proof. For any nonzero v € V, there
exists a nonzero w € Uy(g)v N'W, then

W= Zcxh- XV, (x=ef).

v(w) = vs(W) > min {w(c,-) li}+ ws(v), so vs(v) is bounded above.



Saturated crystal valuations

Definition

A crystal valuation v of V is saturated with respectto W c V if v is
maximal among any valuations extending v|y.
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Definition

A crystal valuation v of V is saturated with respectto W C Vif v is
maximal among any valuations extending v|y.

Lemma

v is saturated iff (L, N W)/q(Ly N W) — Ly /qlLy is a bijection. In
particular, if (£,B) is a crystal base of V, then v is saturated iff
(LN W,B) is a crystal base of W.

Here, Ly ={veV]|v(v) >0}, and v, (v) =max{n|g"vel}



Saturated crystal valuations

Definition

A crystal valuation v of V is saturated with respectto W C Vif v is
maximal among any valuations extending v|y.

Lemma

v is saturated iff (L, N W)/q(Ly N W) — Ly /qlLy is a bijection. In
particular, if (£,B) is a crystal base of V, then v is saturated iff
(LN W,B) is a crystal base of W.

Here, Ly ={veV]|v(v) >0}, and v, (v) =max{n|g"vel}

We simply call v is saturated if v is saturated with respect to socV.



Saturated crystal valuations of type A,

Let Vp,; and Vi, be integrable Ug(glo)-modules of highest and lowest
weights, respectively.

Theorem (Kwon-L.)

There exists a saturated crystal valuation on
Vii ® Vi /50c? (Vi ® Vo).

The same result holds for Vi, ® Vy;.

19
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Fock spaces

Recall that Fock space F is a Q(g)-vector space with a basis
consisting of configuration of black and white dots indexed by Z,
which stabilizes to white at oo and to black at —oc.

[0) :
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Fock spaces

Recall that Fock space F is a Q(g)-vector space with a basis
consisting of configuration of black and white dots indexed by Z,
which stabilizes to white at oo and to black at —oc.

[0) :

It carries various actions of quantum groups, including our U, (gl.).
For example, fi moves a black dot at i'th position to i + 1'th position if
possible, and e; does the opposite.

This set of vectors generate a crystal lattice, and serves as a model
for its crystal structure.

20



Commuting action on Fock space F"

Elements of F" are depicted as below.

L] [ ] [ ] [ ] [ ] (¢] (¢]
° [ ] o [ ] [ ] (¢] (¢]
o o [ ] o [ ] [ ] (¢]

It carries an action of U,(gl,) that commutes with the action of
Ug(aly,), where the quantization parameter p is set to —q~'. The
action is given in the same way but in vertical direction.

21



Commuting action on Fock space F"

Elements of F" are depicted as below.

L] [ ] [ ] [ ] [ ] (¢] (¢]
° [ ] o [ ] [ ] (¢] (¢]
o o [ ] o [ ] [ ] (¢]

It carries an action of U,(gl,) that commutes with the action of
Ug(aly,), where the quantization parameter p is set to —q~'. The
action is given in the same way but in vertical direction.

Such an action first appeared in [Ugl00] in terms of quantum affine
algebras.

21



Commuting action on Fock space F"

F"is defined as certain directed limit of “double wedge spaces”.
Consider a standard representation V(em) of Uy(gl>n) and V(g) of

Up(gl,). Define:

AF(V(em), V(&) = (V(em) @ V()" /z.m it — Riia),

and A oo).n = Dr AR(V(em), V(¢1)). Here R and R are universal
R-matrices for V(en) and V(&), respectively.
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Commuting action on Fock space F"

F"is defined as certain directed limit of “double wedge spaces”.
Consider a standard representation V(em) of Uy(gl>n) and V(g) of
Up(gl,). Define:

AF(V(em), V(&) = (V(em) @ V()" /z.m it — Riia),

and A oo).n = Dr AR(V(em), V(¢1)). Here R and R are universal
R-matrices for V(en) and V(&), respectively.

Then F" is defined to be a directed limit of

/\[m,oo),n /\[mfw,oo),n
W —————> WA Wmyx,n

as m — —oo. Here Wymyxp,q denotes an element of /\[m 1,00) , that
has “black dots in coordinates {m} x [1,n]"



Crystal base of F"

There are some caveats on defining crystal operators on F". We
need crystal operators on F" with respect to U,(gl,) as well as

Uy(gl) that commutes with each other.
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Crystal base of F"

There are some caveats on defining crystal operators on F". We
need crystal operators on F" with respect to U,(gl,) as well as

Ug

(gl,) that commutes with each other.

» For Ugy(gl,), we use the standard crystal operators ’eleW,fl‘)W.

+ For Up(gl,), we use a pullback ofE"lP,]?QP under an isomorphism
of Q-algebras ¢ : Uy(gl,) — U,(al,), sending e;, fi — e, f;,
q"—p"andqg—p.
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Crystal base of F"

There are some caveats on defining crystal operators on F". We
need crystal operators on F" with respect to U,(gl,) as well as

Uy(gl) that commutes with each other.

» For Ugy(gl,), we use the standard crystal operators ’eleW,fl‘)W.

+ For Up(gl,), we use a pullback ofE"lP,]?QP under an isomorphism
of Q-algebras ¢ : Uy(gl,) — U,(al,), sending e;, fi — e, f;,
q"—p"andqg—p.

Because p is not mapped to —g~’, this does not extends to an
algebra morphism U (gl,,) ® Ug(gl,) — Ug(sls) ® Up(al,), but
nevertheless, these give commuting crystal operators on F", and
L(F") are stable under these operators.

23



Semisimple decomposition of F"

Having a crystal base (L(F"), B(F")), a standard argument using
combinatorics of B(F") yields a decomposition:

Fr= P Vn) @ V(E),

AezZn
B(F") = | | B(A)® B(E).
Az
This can be seen as a quantum analogue of the Howe duality, or
level-rank duality.
Here, ZI] is the set of integer partitions oflength n, and

o)

Z/\,\,,EA = ZE,\

For u,v € P, Let A, be an integer partition of length n obtained by
joining pand —v, and A = Ay(u)1e)- We also write:

/\,LL,V - /\)\7 Epw = EXpEpy = EX 24



Embedding extremal weight modules into Fock spaces

Fock spaces are nice, because it allows one to embed any highest
weight gl,-modules into it and get a concrete realization of crystal
bases.
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In order to study integrable modules of U, (gl.,), we want a variant
of Fock space that would correspond to the n — oo limit.

It was observed in [Kwo09] and [Kwo11] that the abstract crystal
B(F") admits a limit, which was used to compute decomposition
numbers of tensor products of extremal weight crystals for type A
and A.
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Embedding extremal weight modules into Fock spaces

Fock spaces are nice, because it allows one to embed any highest
weight gl,-modules into it and get a concrete realization of crystal
bases.

In order to study integrable modules of U, (gl.,), we want a variant
of Fock space that would correspond to the n — oo limit.

It was observed in [Kwo09] and [Kwo11] that the abstract crystal
B(F") admits a limit, which was used to compute decomposition
numbers of tensor products of extremal weight crystals for type A
and A.

It was also observed in loc. cit. that B(ep,, ) ® B(e,p) = B(ey,), but
B(e,0) ® B(ep,,) only contains B(e,,,) as a connected component.
Note that this implies that L(ep ) ® L(e,.9) is a saturated crystal
lattice with respect to V(e, ).

25
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Boson algebras and B(c0)

In the original work [Kas91], the crystal base of U (g) were
constructed by treating it as a module over a different algebra called
the boson algebra Bq(g).
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Boson algebras and B(c0)

In the original work [Kas91], the crystal base of U (g) were
constructed by treating it as a module over a different algebra called
the boson algebra Bq(g).

It is generated by e/, f; (i € ) subject to the following relations:
hi,c;
eif = q,.< ’>f}-e,’» + 0y, Serrej(ef, ef) = Serrey(fi, f;) = 0
where

Serrej(x,y) = > (=1)xWyx®
Fetl=— (i) —1
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Boson algebras and B(c0)

In the original work [Kas91], the crystal base of U (g) were
constructed by treating it as a module over a different algebra called
the boson algebra Bq(g).

It is generated by e/, f; (i € ) subject to the following relations:

hi,c;
eif = q,.< f>]j-e,’» + 0y, Serrej(ef, ef) = Serrey(fi, f;) = 0

where

Serrej(x,y) = > (=1)xWyx®
Fetl=— (i) —1

There exists an action of By(g) on Ug (g). In fact, any “finitely
dominated” representation of By(g) are just direct sums of Uy (g)’s.

26



Boson algebras: sl, case

To define crystal operators for By(sl;)-modules, we use the following
basis:

[1lq [2]q [3lq [4]q [5]q
/‘\ /‘\ /‘\ /‘\ /‘\

—4

vvvvv
q q- q- q

27



Parabolic boson algebras

The parabolic boson algebra is an amalgamation of Bq(g) and U,(g).
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Parabolic boson algebras

The parabolic boson algebra is an amalgamation of Bq(g) and U,(g).

A parabolic subalgebra p C g is associated to a subset J C | of the

Dynkin diagram. Let Pj, P’ be the weight and coweight lattices its
Levi part.
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Parabolic boson algebras

The parabolic boson algebra is an amalgamation of Bq(g) and U,(g).

A parabolic subalgebra p C g is associated to a subset J C | of the

Dynkin diagram. Let Pj, P’ be the weight and coweight lattices its
Levi part.

We define U, (g, p) to be an associative Q(q)-algebra generated by
el,e.fi,q" forie ), je) L el and h € PY with relations:
tj — tf_1 4 —(hi,ou) £ ot
efi —fie; = 5}1ﬁ» eifi =q " fiel + oy,
)
Serre;, (e}, e}) = Serrey, ,(fi,, fi,) = Serre;, j, (e, €;,) = 0,
Serre;;(ef, ) = Serrejf,(ej, /) = 0,
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Parabolic boson algebras

The parabolic boson algebra is an amalgamation of Bq(g) and U,(g).

A parabolic subalgebra p C g is associated to a subset J C | of the
Dynkin diagram. Let Pj, P’ be the weight and coweight lattices its
Levi part.

We define U, (g, p) to be an associative Q(q)-algebra generated by
el,e.fi,q" forie ), je) L el and h € PY with relations:
—1

tj - tf / —(hiou) £ !
eifi — fiej = 5}1q_ et eifi = a= " fief + di,

J j
Serreiw,fz(e;we;z) = Serreh,lz(flwflz) = Serrefﬁh(efﬂ efz) =0,
Serre;;(ef, ) = Serrejf,(ej, /) = 0,
where
+k(hj,a
Serrei(x,y) = > (=g, 52090 3 (R) 5 (1
Rtl=— () —1

28



Uy (g)-comodule structure

There exists an algebra homomorphism:

A Ug(g,p) ——— Uy(a) @ Uy(a,p)

q" q"®q",
e — —(gi—qg e+t ®e,

g ———— gt +1®e,

fir i1+t @]

Thus, given a U, (g, p)-module V and U,(g)-module W, V ® W has a
natural structure of a U,(g,p)-module.



Integrable modules of U (g, p)

Let O be the category of U,(g, p)-modules V such that

1. V has a weight space decomposition with respect to Ug(g,p),
2. givenv €V, Uf(g,p)sv = 0 for all but finitely many g € Qy,
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Integrable modules of U (g, p)

Let O be the category of U,(g, p)-modules V such that

1. V has a weight space decomposition with respect to Ug(g,p),
2. givenv €V, Uf(g,p)sv = 0 for all but finitely many g € Qy,

and let O™ be the subcategory of O consisting of V such that

3. Vs integrable as a U,(f)-module.
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Integrable modules of U (g, p)

Let O be the category of U,(g, p)-modules V such that

1. V has a weight space decomposition with respect to Ug(g,p),
2. givenv €V, Uf(g,p)sv = 0 for all but finitely many g € Qy,

and let O™ be the subcategory of O consisting of V such that
3. Vs integrable as a U,(f)-module.

For A € P, the parabolic Verma module Vj(\) = Ug (g) Ru: (1 Vi(A)
carries an action of U, (g, p).
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Integrable modules of U (g, p)

Let O be the category of U,(g, p)-modules V such that

1. V has a weight space decomposition with respect to Ug(g,p),
2. givenv €V, Uf(g,p)sv = 0 for all but finitely many g € Qy,

and let O™ be the subcategory of O consisting of V such that
3. Vs integrable as a U,(f)-module.

For A € P, the parabolic Verma module Vj(\) = Ug (g) Ru: (1 Vi(A)
carries an action of U, (g, p).

Theorem (Complete reducibility, Kwon-L.)

The category O™ is semisimple with irreducibles V)(X) for X € P
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Integrable modules of U (g, p)

Let O be the category of U,(g, p)-modules V such that

1. V has a weight space decomposition with respect to Ug(g,p),
2. givenv €V, Uf(g,p)sv = 0 for all but finitely many g € Qy,

and let O™ be the subcategory of O consisting of V such that
3. Vs integrable as a U,(f)-module.

For A € P, the parabolic Verma module Vj(\) = Ug (g) Ru: (1 Vi(A)
carries an action of U, (g, p).

Theorem (Complete reducibility, Kwon-L.)

The category O™ is semisimple with irreducibles V)(X) for X € P

We use an analogue of quantum Casimir operator €, which lives in a
certain completion of U, (g, p).
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Crystal bases of integrable U, (g, »)-modules

Properties of crystal bases of integrable U,(g)-modules directly
transfer to U,(g, p)-modules.
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Crystal bases of integrable U, (g, »)-modules

Properties of crystal bases of integrable U,(g)-modules directly
transfer to U,(g, p)-modules.

- The image of £(oco) under Uy (g) — V)()) is a crystal lattice,
which we denote by £;()).
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Crystal bases of integrable U, (g, »)-modules

Properties of crystal bases of integrable U,(g)-modules directly
transfer to U,(g, p)-modules.

- The image of £(oco) under Uy (g) — V)()) is a crystal lattice,
which we denote by £;()).

- The image of B(co) can be identified with

B()) = {b € B(oo) | €7 (b) < (hy, A) for allj € /} .
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Crystal bases of integrable U, (g, »)-modules

Properties of crystal bases of integrable U,(g)-modules directly
transfer to U,(g, p)-modules.

- The image of £(oco) under Uy (g) — V)()) is a crystal lattice,
which we denote by £;()).

- The image of B(co) can be identified with

B()) = {b € B(oo) | €7 (b) < (hy, A) for allj € /} .

- Crystal bases of an object of O™ are unique up to isomorphism.
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Fock space of infinite level




A directed system

Consider a parabolic subalgebra of sl,, corresponding to a subset
J =17\ {0}. We denote this parabolic boson algebra by Ug(sl,0),
and denote V), £, B) by Vo, Lo, Bo, respectively.
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A directed system

Consider a parabolic subalgebra of sl,, corresponding to a subset
J =17\ {0}. We denote this parabolic boson algebra by Ug(sl,0),
and denote V), £, B) by Vo, Lo, Bo, respectively.

Denote M = V;(0), the irreducible representation of U (sl 0)
associated to the weight 0.
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A directed system

Consider a parabolic subalgebra of sl,, corresponding to a subset
J =17\ {0}. We denote this parabolic boson algebra by Ug(sl,0),
and denote V), £, B) by Vo, Lo, Bo, respectively.

Denote M = V;(0), the irreducible representation of U (sl 0)
associated to the weight 0.

F ® M has an action of U, (sl 0), and [0) @ Tis a highest weight
vector of weight 0 (under the quotient P — P;). Thus, F ® M has a
direct summand M, and there exists an inclusion

oM — FROM

1T—— [0)®1
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A directed system

Consider a parabolic subalgebra of sl,, corresponding to a subset
J =17\ {0}. We denote this parabolic boson algebra by Ug(sl,0),
and denote V), £, B) by Vo, Lo, Bo, respectively.

Denote M = V;(0), the irreducible representation of U (sl 0)
associated to the weight 0.

F ® M has an action of U, (sl 0), and [0) @ Tis a highest weight
vector of weight 0 (under the quotient P — P;). Thus, F ® M has a
direct summand M, and there exists an inclusion

oM — FROM

1T—— [0)®1

By applying F" @ — to the left, we get a directed system of
Uq(ﬁloo,o)'mOduleS ¢ﬂ T FTOM — JFn+ ® M.
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The Fock space of infinite level

We define

FPoM =IlimF"e M.

33



The Fock space of infinite level

We define

o0 T n
F ®./\/l.—||_,:n>]: ® M.

The action of U,(gl,) on F" ® M commutes with ¢, so F> @ M
carries a commuting U, (gl.,)-action.
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The Fock space of infinite level

We define

o0 T n
F ®./\/l.—||_,:n>]: ® M.

The action of U,(gl,) on F" ® M commutes with ¢, so F> @ M
carries a commuting U, (gl.,)-action.

F" ® M has a crystal base L(F" @ M) = L(F") ® L(M) and
B(F"® M) = B(F") @ B(M). The directed system is compatible
with the them, so we get a limit (L(F> @ M), B(F>* @ M)).
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The Fock space of infinite level

We define

o0 T n
F ®./\/l.—||_,:n>]: ® M.

The action of U,(gl,) on F" ® M commutes with ¢, so F> @ M
carries a commuting U, (gl.,)-action.

F" ® M has a crystal base L(F" @ M) = L(F") ® L(M) and
B(F"® M) = B(F") @ B(M). The directed system is compatible
with the them, so we get a limit (L(F> @ M), B(F>* @ M)).

This crystal is isomorphic to a limit of B(F") considered in [Kwo09],

and in particular,

B(foo®./\/l |_| BO ,uu)®8( uu)

n,veP
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Isotypic decomposition of 7> @ M

We exploit the semisimplicity of Uy (sl 0) to transfer structure of
F> @ M 1o Uy(glso)-modules. The isotypic decomposition of
F> ® M is a starting point.
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Isotypic decomposition of 7>~ @ M

We exploit the semisimplicity of Uy (sl 0) to transfer structure of
F> @ M 1o Uy(glso)-modules. The isotypic decomposition of
F> ® M is a starting point.

Theorem (Kwon-L.)

FroM= B Vo(Au)® (V(Eow) ® V(Eup))-

u,vEP

Here, all ® are lower comultiplications.

Note that the multiplicity space is ‘larger’ than V(¢, ).
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Isotypic decomposition of 7> @ M

Indeed, it is easy to describe a submodule (F>° ® M), which realizes
multiplicity spaces V(£,,.).
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Isotypic decomposition of 7>~ @ M

Indeed, it is easy to describe a submodule (F>° ® M), which realizes
multiplicity spaces V(¢,,,).In the isomorphism
BF*@M)= | | Bo(Muw) @ B(Epn),
w,veP

VA, ® Ve, , corresponds to a unigue highest weight element of
B(FU+r)) with weight (A, é0).
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Isotypic decomposition of 7>~ @ M

Indeed, it is easy to describe a submodule (F>° ® M), which realizes
multiplicity spaces V(¢,,,).In the isomorphism
B(F>* e M) = |_| Bo(Auw) @ B(Epw),
w,veP

, ® Ve, , corresponds to a unique highest weight element of
B(J-"‘(“)Jf‘Z )) with weight (A, ,0).
We let (F>*° @ M), be the submodule generated by lifts of these
crystal basis elements. Then

(.FOO ® M)O = @ VO(/\,LL,V) ® V(é;t,u)7
w,veEP

B(F* @ M) = || Bo(Muw) @ B(Epn).

wn,veP
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Isotypic decomposition of 7>~ @ M

Indeed, it is easy to describe a submodule (F>° ® M), which realizes
multiplicity spaces V(¢,,,).In the isomorphism
BF*oM)= | | Bo(Muw) ®B(E ),
w,veP

, ® Ve, , corresponds to a unique highest weight element of
B(J-"‘(“)Jf‘Z )) with weight (A, ,0).
We let (F>*° @ M), be the submodule generated by lifts of these
crystal basis elements. Then

(-7:00 ® M)O = @ Vo(/\#,y) ® V(éﬂ,l/)v

n,veP
B((F> & M)o) = |_| Bo(Auw) @ B(epw)-

wn,veP

Thus, a proper inclusion (F* ® M)q — (F>° ® M) induces an
isomorphism of crystals.
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Socle of F>* @ M

This fits into our earlier framework: £(F> ® M) is saturated with
respect to (F>° @ M)o.
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Socle of F>* @ M

This fits into our earlier framework: £(F> ® M) is saturated with
respect to (F>° @ M)o.

Recall that it is natural to consider saturated crystal lattices with
respect to a socle, but in this case, we do not (yet) know if
(F>* ® M)y is a socle of F>° @ M.
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Socle of F>* @ M

This fits into our earlier framework: £(F> ® M) is saturated with
respect to (F>° @ M)o.

Recall that it is natural to consider saturated crystal lattices with
respect to a socle, but in this case, we do not (yet) know if
(F>* ® M)y is a socle of F>° @ M.

It turned out that, the existence of a saturated crystal lattice is a
pretty strong constraint, and we can prove that (F*° ® M), is a socle
of F*° ® M from this fact. We are reversing the order of arguments!
The compatibility of crystal bases with isotypic component
decomposition (and its version for U,(sls,0) ® U,(gl,)) is crucial here.
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Socle of F>* @ M

This fits into our earlier framework: £(F> ® M) is saturated with
respect to (F>° @ M)o.

Recall that it is natural to consider saturated crystal lattices with
respect to a socle, but in this case, we do not (yet) know if
(F>* ® M)y is a socle of F>° @ M.

It turned out that, the existence of a saturated crystal lattice is a
pretty strong constraint, and we can prove that (F*° ® M), is a socle
of F*° ® M from this fact. We are reversing the order of arguments!
The compatibility of crystal bases with isotypic component
decomposition (and its version for U,(sls,0) ® U,(gl,)) is crucial here.

By passing to multiplicity spaces, this implies

soc(V(,.0) ® Vi(E0,)) = V(epn):

36



Crystal valuations and socle
filtration of 7° @ M




Socle filtration of F>* @ M

We pushed this idea further, and constructed a filtration
(F* ®M)s_g(d>0)of F* @ M.

37



Socle filtration of F>* @ M

We pushed this idea further, and constructed a filtration
(F* ®M)s_g(d>0)of F* @ M.

Theorem (Kwon-L.)
The subquotients of the filtration is given by

(Fe® M)z—d
(F*®@M)s g

1%

D VolAen) ® V()TN

(,v)<(¢5m)
[<|=Ipl=]n]—|v|=d
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Socle filtration of F>* @ M

We pushed this idea further, and constructed a filtration
(F* ®M)s_g(d>0)of F* @ M.

Theorem (Kwon-L.)
The subquotients of the filtration is given by

(Fe® M)z—d
(F*®@M)s g

1%

D VolAen) ® V()TN

(,v)<(¢5m)
[<|=Ipl=]n]—|v|=d

Here, we are considering a partial order on P? defined by

(1) <(Cn) <= D pn D v, and [ —|ul = |n[ —[v].

Also

’

MV H v
Nem = Z CocComp

o

where ¢ . is the Littlewood-Richardson coefficient.
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Saturated crystal valuations on socle quotients of 7>~ @ M

F oM

Moreover, we constructed a crystal valuation v, on ————.
g N (FE o M)s g
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Saturated crystal valuations on socle quotients of 7>~ @ M

. F oM
Moreover, we constructed a crystal valuation v, on ®

Theorem (Kwon-L.)

(F*@M)>_g

v, |s saturated with respect to ———=—.
= PR Fr o M)s g

(Fr@M)s g
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Saturated crystal valuations on socle quotients of 7>~ @ M

. F oM
Moreover, we constructed a crystal valuation v, on ®

Theorem (Kwon-L.)

(]:OO & M)Z_d

v, is saturated with respect to ——=—.
= e e M)s s

Corollary

(F*° © M)s_q the socle filtration of F*= @ M.

(Fra@M)s g
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Construction of (F>*° ® M)s_g4

Each 7" ® M are semisimple; It admits the following isotypic
decomposition.

(1, v)
Flom= @ Volhn) @ V(E,) 0,
(w,v),(¢,m)EP?

where the multiplicity h “ ") is read off from crystal:

h&’%") = #{ highest weight elements of B(F" @ M) of weight A¢ ,,,

whose B(F")-component is M"(u, 1/)}.

Let us denote the above isotypic component by (F" ® M) o V)
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Construction of (F* @ M)s_g4

We study the behavior of (F" ® M)gi'y’)) under the directed system.
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Construction of (F>*° ® M)s_g4

We study the behavior of (F" ® M)gi’y’)) under the directed system.

Lemma
1 (F @ M)E™ 0 only if (¢,n) > (. v)
2 (Fre M) c (F e MK,

¢
Here, (]:n & M) p, 1/) = @(O’,T)Z(Mﬂ/)(‘Fn ®M)( 77).

(o:7)
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Construction of (F>*° ® M)s_g4

We study the behavior of (F" ® M)gi’y’)) under the directed system.

Lemma
1 (F" @ M) # 0 only if (¢,m) 2 (,v).
2 (F e M)ET c (F e MED,

Here, (F" @ M) = B, 1y (i) (F" @ M),

(o:7)
Therefore, a directed system {(]—"” ® /\/l) “ V) is well-defined,

whose limit is a subset of 7> @ M, denoted by (F* ® M)(f(z)y
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Construction of (F>*° ® M)s_g4

We study the behavior of (F" ® M)Ef/l)) under the directed system.

Lemma
1 (F" @ M) # 0 only if (¢,m) 2 (,v).
2 (F e M)ET c (F e MED,

Here, (77 & M)E,) = Doz (un (F ®M)§§’,Z)>'

Therefore, a directed system {(]—"” ® /\/l) M V) is well-defined,

whose limit is a subset of F>* ® M, denoted by (F> ®M)(><(Z)U

Finally, for d € Z>o,
(F' @ M)s_g = B Femir,

(¢m)>(psv)
[¢I=ul=Inl—vI<d

40



Constructing crystal valuation (or reversing arguments once more)

In case of d = 0, we already had a crystal lattice of F*° @ M, this is
the virtue of Fock spaces. Let's analyze its behavior in more detail.
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Constructing crystal valuation (or reversing arguments once more)

In case of d = 0, we already had a crystal lattice of F*° @ M, this is
the virtue of Fock spaces. Let's analyze its behavior in more detail.

The map
¢ : B(M) — B(F) @ B(M)
increases the weight of the B(M), except for 1 € B(M). Thus, every
element of B(F>° @ M) has a representative of a form
b®1e B(F"® M) for sufficiently large n.
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Constructing crystal valuation (or reversing arguments once more)

In case of d = 0, we already had a crystal lattice of F*° @ M, this is
the virtue of Fock spaces. Let's analyze its behavior in more detail.

The map
¢ : B(M) — B(F) @ B(M)
increases the weight of the B(M), except for 1 € B(M). Thus, every
element of B(F>° @ M) has a representative of a form
b®1e B(F"® M) for sufficiently large n.

)

n,(w
BF oM)= || BolAcy)®BEp,) €.

(€m)>(u,v),
L(p)+He(v)<n
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Constructing crystal valuation (or reversing arguments once more)

In case of d = 0, we already had a crystal lattice of F*° @ M, this is
the virtue of Fock spaces. Let's analyze its behavior in more detail.

The map
¢ : B(M) — B(F) @ B(M)
increases the weight of the B(M), except for 1 € B(M). Thus, every
element of B(F>° @ M) has a representative of a form
b®1e B(F"® M) for sufficiently large n.

)

n,(w
BF eM)= || BolAc,)@BE),) <m

(€m)>(u,v),
L(p)+He(v)<n

Since b ® 1is connected to a highest weight element of a form b’ ® 1,
it is contained in a connected component isomorphic to
B(ACW) ®B(€gn)

41



Constructing crystal valuation (or reversing arguments once more)

This purely crystal-theoretic phenomenon can be interepreted in
terms of ambient modules as follows:
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Constructing crystal valuation (or reversing arguments once more)

This purely crystal-theoretic phenomenon can be interepreted in
terms of ambient modules as follows: Let

Wzd ]:”(X)./\/l*)(]?”(g)'/\/[)_d = @ (J_'.n®M)EfL:’Z))
(¢m=(p,v)
[Cl=lpl=Inl—vI=d

be the projection onto isotypic components.
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Constructing crystal valuation (or reversing arguments once more)

This purely crystal-theoretic phenomenon can be interepreted in
terms of ambient modules as follows: Let

g F Mo (FaM)g= P (FemiE
(¢m=(p,v)
[¢I=lpl=In|—|v|=d
be the projection onto isotypic components.
Observation
Forany x € L(F>* @ M),
mo(x) € L(F" @ M), 7" 4(x)€qL(F"@ M) (d>0),

for all sufficiently large n.
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Constructing crystal valuation (or reversing arguments once more)

Let v be the crystal valuation of F°>° ® M associated to L(F>* @ M).
Let

Wn_d =Vo ﬂ-ﬁd
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Constructing crystal valuation (or reversing arguments once more)

Let v be the crystal valuation of F°>° ® M associated to L(F>* @ M).
Let

Wn_d —=VOo ﬂ-id

The previous observation can be recast as:

Observation
Forany x € F>° @ M,

nll)ngo v((X) = v(X).
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Constructing crystal valuation (or reversing arguments once more)

Let v be the crystal valuation of F°>° ® M associated to L(F>* @ M).
Let

Wn_d —=VOo ﬂ-id

The previous observation can be recast as:

Observation
Forany x € F>° @ M,

nll)ngo v((X) = v(X).

We conjectured that this pattern continues.
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Defining v>, as a limit

Theorem (Kwon-L.)

Let x € F>* @ M be given. Then the limit

v (x) == lim (w'ld(x) = dn)

n—oo

exists and lies in Z 1 {oc}. Moreover, v>,(x) is finite if and only if
X & (F>° @ M)s_g.
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Defining v>, as a limit

Theorem (Kwon-L.)

Let x € F>* @ M be given. Then the limit

v (x) == lim (w'ld(X) = dn)

n—oo

exists and lies in Z 1 {oc}. Moreover, v>,(x) is finite if and only if
X & (F>° @ M)s_g.

Corollary
F* oM

> induces a well-defined crystal valuation on ——————.
v e Ol =& M)> s
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Remark on the proof of the theorem
Its proof is based on the following key lemmas controlling the
asymptotic growth of v/j(x). Let (¢,n) € P? be given.

Lemma
1. For all sufficiently large n, for all x € (F" ® M)(f(;”), we have
vI(x) = v 4(x) + d.

2. For all sufficiently large n and N, for all x € (F" ® M)(_C(’j"), we
have
v () € v 4(x) + N(d — 1) + 11, 2],
where [ry,1,] is an interval independent of x, n and N, depending
only on (¢, ).
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Remark on the proof of the theorem
Its proof is based on the following key lemmas controlling the
asymptotic growth of v/j(x). Let (¢,n) € P? be given.

Lemma
1. For all sufficiently large n, for all x € (F" ® M)(f(;”), we have
vI(x) = v 4(x) + d.

2. For all sufficiently large n and N, for all x € (F" ® M)(_C(’j"), we
have
v () € v 4(x) + N(d — 1) + 11, 2],
where [ry,1,] is an interval independent of x, n and N, depending
only on (¢, ).

These lemmas make heavy use of crystal base theory and the theory
of parabolic boson algebras.
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Parabolic g-derivations

The second statement essentially follows from a non-vanishing
property of parabolic analogue of g-derivations.
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Parabolic g-derivations
The second statement essentially follows from a non-vanishing
property of parabolic analogue of g-derivations.

For an arbitrary U, (g, p), let us denote M, := V)(0). Treating M, as a
U,(1)-module, it has one copy of Vi(—a) (i € ) in it.
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Parabolic g-derivations

The second statement essentially follows from a non-vanishing
property of parabolic analogue of g-derivations.

For an arbitrary U, (g, p), let us denote M, := V)(0). Treating M, as a
U,(1)-module, it has one copy of Vi(—a) (i € ) in it.

There exists a U,(g)-linear map M; — M; ® M; sending 1+—1® 1.
My —— M@ My —5 My @4 Vi(—a),

Ti®1
M —— ML M) —— Vi(—;) @+ M.
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Parabolic g-derivations

The second statement essentially follows from a non-vanishing
property of parabolic analogue of g-derivations.

For an arbitrary U, (g, p), let us denote M, := V)(0). Treating M, as a
U,(1)-module, it has one copy of Vi(—a) (i € ) in it.

There exists a U,(g)-linear map M; — M; ® M; sending 1+—1® 1.
My —— M@ My —5 My @4 Vi(—a),

Ti®1
M —— ML M) —— Vi(—;) @+ M.

These are direct analogues of g-derivations in [Lus10], or operators
el,els in [Kas91].
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Parabolic g-derivations

The second statement essentially follows from a non-vanishing
property of parabolic analogue of g-derivations.

For an arbitrary U, (g, p), let us denote M, := V)(0). Treating M, as a
U,(1)-module, it has one copy of Vi(—a) (i € ) in it.

There exists a U,(g)-linear map M; — M; ® M; sending 1+—1® 1.
1Q;
My —— My@s My — My @4 Vi(—ay),
My —— Mo My Vi(—a) @2 M.
These are direct analogues of g-derivations in [Lus10], or operators
el,els in [Kas91].
Lemma

If u e My satisfies ri*(u) = 0 for all i € J5, then u is a scalar multiple
of 1. The same holds for r;", ot and ir-.
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Saturatedness of v,

Theorem (Kwon-L.)

. FX M . )
The crystal valuation v, on ——————— is saturated with
2 ) =0 O Fe o M)s g
F® >_d
respect to ———4t=—.
PEE (> M)- s

By passing to multiplicity spaces, we obtain the corollary that
(F>° ® M)>_q is the socle filtration of 7> @ M.
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Remark on possibly non-free A, modules

Because the crystal valuation is defined as a limit, we had to
abandon freeness, and this was our motivation for introducing
crystal valuation.
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Remark on possibly non-free A, modules

Because the crystal valuation is defined as a limit, we had to
abandon freeness, and this was our motivation for introducing
crystal valuation.

We needed compatibility of crystal bases with isotypic
decomposition in the proof that ‘an existence of saturated crystal
valuation implies socle’. We have verified that this still holds in
crystal valuations, without freeness, and even without the existence
of a basis B.
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Passing to multiplicity spaces

Corollary

The Loewy length of a U,(glq)-module V(e, 9) ® V(ep,,) is
min(|u|, |v|) + 1, and its subquotients are given by

socd+! (V(Emm) ® V(em,y)) o @ V@ng;;
soc (V(e,p) ® V(ep,)) cn

(#,v)>(¢5m)
lul=[¢I=Iv]=[n|=d
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Passing to multiplicity spaces

Corollary

The Loewy length of a U,(glq)-module V(e, 9) ® V(ep,,) is
min(|u|, |v|) + 1, and its subquotients are given by

&Ny
VC,n J

soc®t (V(e,p) ® V(gg,,)) ~ @
soc? (V(e0) @ V(o.v) (11,)>(C,m)
al=IE1=101 nl=d

Corollary

The Loewy length of a U,(glso)-module V(ea,p) ® V(e,,5) is
min(|ee| + |7, |8| + |9]) + 1, and its subquotients are given by

soc™*" (V(ea,p) ® V(ey.5)) @ V O B0
soc? (V(ea,p) ® V(ey,5)) Phvys v 7
|6l=M—d, [4|=N—d

12
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Passing to multiplicity spaces

Corollary

V(EM@) (29 V(Eﬂ,u)
soc? (V(e,,0) ® V(gp,))

has a saturated crystal valuation.

50



Passing to multiplicity spaces

Corollary

V(Eu,@) &® V(Em,u)
soc? (V(e,,0) ® V(gp,))

has a saturated crystal valuation.

Putting n = v = (1) and d = 0 to the last corollary recovers the
saturated crystal valuation Ly of V(e1) ® V(—e&4) constructed in the
first section of this talk.
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Passing to multiplicity spaces

Corollary

% V(eg., .
5 (€0) © V(E0,) has a saturated crystal valuation.
soc (V(Euﬁ) ® V(emjy))

Putting n = v = (1) and d = 0 to the last corollary recovers the
saturated crystal valuation Ly of V(&1) ® V(—e4) constructed in the
first section of this talk.

We do not (yet) know whether saturated crystal valuations exist in

V(ga,) ® V(eqys) .
2 ; or not, but low rank calculations suggests
s0c? (V(za,5) © V(er,0)) s
that they do.
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Final remarks

- Beyond low rank cases, we do not have an effective algorithm to
determine whether a given element belongs to the
Ag-submodule or not.
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Final remarks

- Beyond low rank cases, we do not have an effective algorithm to
determine whether a given element belongs to the
Ag-submodule or not.

- We expect that there are abundance of saturated crystal
valuations. It would be interesting to study them for other
infinite affine or affine types, which will provide us a better
understanding of their internal structures.
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Thank you for your attention!
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